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Remark 2. Condition (13) in Theorem II can also be in-
dependently obtained using the results of Grujic and Siljak®
for interconnected systems.

Let ¥V, (x;) =vxIP,x, be a Lyapunov-type function for the
uncoupled subsystem 1. It can be shown (in a way similar to
the proof of the lemma) that

VA, (P Ix =V, (x;) VA (Py) x|

Vi) 5 = — g
M\
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Similar inequalities can be obtained for the residual subsystem
assuming

V,(x,)=vxIP,x,
Theorem 1 of Ref. 6 can now be applied to obtain Eq. (13).

Discussion and Numerical Results

Theorems I and II, proved above, give two different suf-
ficient conditions for stability. However, the following
drawbacks are normally associated with Lyapunov mehods:
1) the conditions obtained are conservative, and 2) con-
siderable arbitrariness is involved in the selection of
Lyapunov functions. The choice of matrices Q, Q, and Q, in
Eqgs. (7), (8), and (9) is arbitrary, the only constraint being
that they are positive definite. More investigation is needed in
the selection of these matrices in order to obtain the least
conservative bounds.

A rigid-body-plus-seven-mode, normal coordinate, planar
model of a uniform free-free beam was chosen for evaluating
the stability bounds (for a development of the equations for a
uniform free-free beam, see Ref. 7). Bending mode
frequencies and assumed damping ratios of the beam are
given in Table 1. One torque actuator, one attitude sensor and
one rate sensor were used. Bounds 3, and 3, were computed
with matrices Q, Q, and Q, equal to identity matrices of
appropriate dimensions, for a nominal set of LQG regulator
and estimator gains (G and K) . The regulator was designed to
control rigid-body-plus-first two modes, and the estimator
was designed to estimate rigid-body-plus-first five modes. For
this case, 8, was 0.184x10-7, and B8, was 0.553x10-5.
- Thus, bound 8, is far less conservative than bound 3, (by a
factor of about 300). In fact, if Q is block-diagonal, the 1-
system and r-system give uncoupled Lyapunov matrix
equations. In this case, it can be seen from Eqs. (10) and (13),
that 3, <g3,. In addition, Eq. (13) is consistent with the fact
that the absence of either spillover term assures stability.
Thus, Eq. (13) appears to be a better sufficient condition.

Conclusions

Two sufficient conditions were derived via Lyapunov
methods for asymptotic stability of large space structures
using a class of reduced-order controllers. These conditions
give allowable bounds on the spectral norms of control and
observation *‘spillover’’ terms. The sufficient condition given
in Egs. (13) appears to be less conservative, and should be
useful as a design tool for the control of large space struc-
tures.
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The Orientation Vector
Differential Equation

Gregory J. Nazaroff*
Hughes Aircraft Company, Fullerton, Calif.

Introduction

HE orientation or Euler vector ¢ (¢) relates a rotating

body frame to a reference frame at any time ¢, in that
rotating a reference frame about an axis coincident with ¢ (¢)
through an angle which is equal to the magnitude of ¥ (¢) will
bring the reference frame into coincidence with the body
frame. Thus, if we define # as the magnitude of the rotation
and u as the unit vector about which the rotation has oc-
curred, then ¢ (¢) =0(f)u(t).

In Ref. 1 Bortz derived an expression for the time rate of
change of the orientation vector and discussed some of its
applications. The vector ¢ (¢) was shown to have two com-
ponents: w(?), the component due to inertially measurable
angular motion (angular velocity vector), and é&(f), the
component due to noninertially measurable angular motion
(noncommutativity rate vector), where ¢ (¢) and o(f) are
orthogonal. The latter component reflects the fact that the
orientation of a rigid body after a sequence of rotations
depends on the order of the rotations as well as the
magnitude, and axis orientation of the individual rotations.

While Bortz’s derivation is on the whole straightforward,
the derivation is also rather lengthy and involves a number of
algebraic manipulations. In this paper we give a derivation of
xp(t) which we believe to be much simpler. Most of the
simplification comes from exploiting a kinematical property
of the Euler-Rodrigues rotation parameters. This approach
was not used in Ref. 1. The three-parameter Euler-Rodrigues
method is a special case of the more widely known four-
parameter Euler method. 2

Derivation

Before proving the main result, we first define some terms
and then state two lemmas which will help expedite the
derivation of ¥ (¢).
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With regard to notation, let w(#) and the skewsymmetric
matrix @ () be related in the usual manner;i.e.

0 —-w; w,
[“’1“’2"03]/:‘“’4_"9: w3 0 —uw,;
—w, w; 0

Also, the vector ¥ and the skewsymmetric matrix ¥ are
similarly related.

Let C(¢) denote the direction cosine matrix which trans-
forms body frame vectors to the reference frame and let v(¢)
be defined as follows:

C5,~Cy
v= Ci3—Cy
Cy—Cps

The matrix C(#) is related, of course, to @(¢) via the equation
C(ty=C)Q(0).

Finally, |y | =+’ ¢ =6 since u(¢) is a unit vector.

We are now in a position to state two well-known results;
viz.

Lemma 1

2 cos(8) =tr (C) —1 0y
2 usin(0) =v )
Lemma 2
tr(CR) = —w'v

A proof of Lemma 1 can be found in Ref. 3 while Lemma 2 is
obvious.
- We now prove the main result.

Theorem

V() =aw(t)+6(0)
where
a()y =¥ (D) /24 [2= ()] cot(ly(£)1/2) ]
x ¥ (Ha(t)/219 ()12
and ¥’ (£)é(r) =0 for each «.

Proof. Since y=uf+ub, we need only to obtain ex-
pressions for # and ¢ to complete the derivation. To obtain the

VOL.2,NO.4

latter variable note that differentiating Eq. (1) yields

—tr(C)

_ —tr(ce®) v
= Z2sin(0) “

2sin(8) Zsin(d) ¢ A

where the last two equalities follow from Lemma 2, and Eq.
(2) of Lemma 1, respectively. The most direct approach for
obtaining an expression for # is via the kinematical dif-
ferential equations associated with the Euler-Rodrigues
parameters. Namely,

g=(I+qq" +Q)w/2 C))

where g=wu tan(6/2) and @ is the 3 X 3 skew symmetric matrix
whose elements are the components of g. Equation (4) was
first derived by Cayley (circa 1843), though Roberson2 has
given a modern derivation. Carrying out the indicated dif-
ferentiation on the left side of Eq. (4), we have

ttan(8/2) +u[1+tan2(8/2) 672
= [J+uu’ tan?(8/2) + Utan(0/2) | w/2

Transposing terms, substituting for 6, and making use of the
identity U2 = uu’ — Iimmediately yields

o= Uw/2—cot (8/2) U2w/2 )
By using Egs. (3) and (5) we can now write y as
Y=Uawl/2—0 cot(8/2) Uw/2+uu'w

Adding and subtracting w, noting that ¥ = U8, and recalling
that 1y | =8 yields the desired result:

V=w+¥w/2+ [2— Iyl cot(ly1/2) | ¥2w/21y|2

That ¢’¢=0 (i.e., ¥ and ¢ are orthogonal) follows from the
fact the ¥y =0, which is true for any three-dimensional vector

¥.Q.E.D.
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